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Estimation of group action

Given a projective unitary representation f of (3 on

Input state Unknown  measurement  estimate
Unitary

to be estimated _
p— f(Q))— M — ¢
E = (p, M) :0ur operation
R(g,0)= R(e, g‘lﬁ) = R(e, @g_l):error function

Average error when the true parameter is 9
Dy o (€)= [ R(9,§)TrM(dg) f (9)p f (9)’
Bayesian: Dy (M) = IG Dy ,(M)v(dg) prior: v
Mini-max: @, (M) = mg;élX(DR,g (M)



Group covariant measurement

H :Hilbert space Holevo 1979

(S :group
f .projective unitary representation

ArPovM M taking values in (G s called covariant

If
f(g9)M(B)f(g) = M(gB)
M(G) -set of POVMs taking the values in G
MCOV (G) : Set of covariant POVMs taking values in G

M e M(G) isincludedin M_ (G)
OM(B)=M, (B):=_f(9)Tf(g) u(dg)



Group-action-version of
guantum Hunt-Stein theorem

Invariant probability measure L exists for G
when G is compact. Then, the following equations hold.

min O.(p,M)= min @, (p,M)

p,MeM(G) pP,MeM(G)

= min  D.(p,M)

ppure, MeM,,, (G)

= min @, (o0, M)

ppureMeM,,, (G)
The following relation holds even when (5 is not compact.

min O.(p,M)= min D, (0, M)

o,MeM(G) ppure, MeM,,, (G)



Fourier transform and
Inverse Fourier transform on group

(G :Set of irreducible unitary representation of G
2 . 2

*(G):= @ L°(V,)

L° (‘Ul) : Set of HS operators on U,l

F: L° (G) - L2 (G):Fourier transform

(FIg1), = d, |, 1,(9) 4(9)n(dg)
FoL (é) — L (G) :Inverse Fourier transform

FAI(g) = \/d,Trf,(9)A,

Fa

AeG



Optimization with Energy constraint

via inverse Fourier transform

Energy constraint
TroH<E

Do (X):=[ R(e,8)|F[XI(§)F p(do)
Our target Is

P, hlplﬂvzr](G)QD (,0; M ) - puremlg{co\,(G), ®R (,0, M)
TrpH<E TrpH<E
= min D, (X)

XEL%—I E(G) ”X” =1

2, () :={X € L’(G) |(X|H|X) < E}



Example:G=R (G=R)
R(9,9)=(g-0)>, f(g)|1)=e"|1), H=Q’

min  min {D.(p,M)|TrpQ*<E
pes(Lz(R))Memcov(m{ (0, M) TrpQ }

o

min +[, 817 W@ L[, 47 19 fSE

#)el’ (R) T o
- min {(#/0°|8)i¢lP7[8)< £} =
12

Minimum IS attained with )
p(Ad)=e " /VE

J
h'4




Mathieu Function
Periodic differential operator

P* +2qcos2Q

Minimum Eigen function |space
eigenvalue

a'O (q) Ceo (91 q) LIZD,even ((_% ’ %])
b, (q) $€,(6,0)  Lowl=5.5D

a,(q)  ce(0.9) .75
b (q)  s.(6,0) L(.7)



Estimation of U(1)
R(g,9)=1-cos(g-g). f(g)|k)=e™|k),

H = ) K*[k)(k

min  min _{D.(p,M)|TrpH <E}

pes(L*(U(1))) MeM, (U(1)

= min {91 -cosQlg)|(g|P*|g) < E}

sa,(2/s) Optimal input Is

= max +1-sE constructed by ce,(8,q)
1 1
S > as E o>
BE 128E
~ 4 3
2
1- 2E+7\/EE as E—>0




Etror
1.0

R
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Estimation of SU(2)

A 1 ~A 0
R(9,9)=1-27.(99 ), H=@ 5(5+1) l,
L2 02\2 )3

Reduce L?(SU(2)) to Ly o4 ((—7, 7])

min min {D.(p,M)|TrpH < E}

pes(L2(SU(2)) Men,, (SU(2))

—  min {<¢\I—cos%\¢>|<¢\P2\¢>s E+%}

$)els oqa (—7.7])

sh,(8/5) 1
= max— , t1-s(E+7) Optimal input is
9 2433 constructed by
— as E -
2E  2UE? > se,(6,0)
= 3
2 5E2
1-—E + as E—0
V3 6V3




Error

Graphs
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Factor system Of chiribella 2011
projective unitary representation

Factor system
e'%97 = 1(g)f(9")f(gg")”

é :Set of projective irreducible representation
[£] >
with the factor system L

D (X):= | _R(e, )| £ [X1(§™) F p(dg)



Estimation of SO(3
Nl hg- _ o K(k

R(9.9)=5CG-zE57), H=8" 2+1]|§

Reduce L? (86(3)) to L. 40 (-7, 7]) o Lf),odd (-7, 7])

min min__ {Dy(p,M)|TrpH < E}

pes(L2(SO(3))) MeM,, (SO(3))

- | .
min{(g] 1 -cosQ|4)|(4P*14)<E+}

,odd

Integer case

. 2 1
min{{g|1-cosQ|¢)|(¢]P*I¢)< E+7}

Half integer case




Integer case

min{(¢|1-cosQ|¢)|(¢1P*|4)< E+)

sa (2/5s
= max 1(4 )+1—S(E+%)

s>0

0 81
= _ - E—>w
8E 128E
= <
3 JE E
g _ EO0
2 J2 4

Optimal input is constructed by Cel (H, Q)



Half integer case

1
min{{g|1-cosQ|¢)|(¢P*¢)< E+7}
=mabe2(2/S)+1—s(E+1)
s>0 4 4
9 812 E > o
_ 8E 128E
- 31 5 3.2 3
1-—(E-2)2+ E-S)2 E—o=
- HEE  eE ) Bl

Optimal input is constructed by SE (H, Q)



Graphs

ks03)(E) & ks0(3)[-11(E)

| | | | | | | | | | |

0 5 10 15
Thick line expresses the projective case,

and Normal line expresses the representation case
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Non-compact Example: G = R’

f : Heisenberg representation

1 X) e *(R) ®L*(R) multiplicity

Minimize

X+ Vi

Jo O+ Y F XA ) dxdy

under

(X](Q*+P)®I1|X)<E

Minimum value: _—_

2E



How to derive minimum
Fourier transform & : LZ(RZ) - L(R)® LZ(R)

F(QRI)F=P, _EQ“ F(P®I)F=-P, ——Q2
Via ¢ T_l[x] minimizing problem is equwalent with

Minimize <¢‘Q11+Q2 ‘¢> ,
under (8| (P, _EQl)Z +(—P1—§Q2)2\¢>s E

By choosing suitable coordinate, minimizing problem
IS equivalent with Minimum

Minimize <¢‘Q12 +Q,° ‘¢> Uncertainty value
. relation y
under (#|P°+ P’ |§) < E 2E



Practical realization of
asymptotically optimal estimator
G=U(Q) #=<|k)> H=2kk)kK|
Assume that @ satisfies § k| (klag)I? =0
> kI(klg)!

F[]is even function

$)>U—>M|> 6,

$) > U —>M —>¢92\

G
\¢>—>U:—>I\/I —>6?n/

This method attains the optimal performance.

MLE




Practical realization of
asymptotically optimal estimator
H=®H,

Assume that the support of ¢ contalns
both of integer rep. and half integer rep.

G = SU(2)

$)>U—>
$)>U—>

\¢>—>U:—>

M

M

M

— 6,
— 6,

— 6.

MLE

N

This method attains the optimal performance.



Practical realization of
asymptotically optimal estimator
H=®H,

Assume that the support of ¢ contalns
only integer rep. or half integer rep.

G = SO(3)

$)>U—>
$)>U—>

\¢>—>U:—>

M

M

M

— 6,
— 6,

— 6.

MLE

T

This method attains the optimal performance.



Implication of
these optimal estimators

When we consider the energy constraint,
entangled input state and measurement with entangled
basis do not enhance the quality of estimation.

$)>U—>
$)>U—>

\¢>—>U:—>

M

M

M

— 6,
— 6,

— 6.

MLE

\/

This method attains the optimal performance.



Uncertainty relation on (77D
=L U@)= L(SY
A, (cosQ,sinQ) == A;c0sQ+A;sinQ

min  {A2(cosQ.sinQ)| AP < E
¢eL2p«—7r,n]){ s(C0SQ,SINQ)[A, }

= max1-—(SE SaO(Z/S))Z
s>0 4
The minimum is realized by ce (9 - )
2 S¢
sa, (— )
s, :=argmax1—(sE >-)?

>0 4



Uncertainty relation on L (SLLJZ((Zg))
9> (%,(9).%,(9). X,(9). X (9) €S’

A2Q = ZA Q. AZP ZA

= dg(e™ " g)
. . Pj¢'= dt <o
min {A;Q\AZPS E}

deL*(SU(2))

=max1l—-(s(E+1/4)—sh,(— )/16)

s>0
Function ¢ realizing the minimum Is given by using

8

6
se. (=,
2(4 SE)




Conclusion

We have proposed a method with
Inverse Fourier transform as a unified

a
U
0

pproach for estimation of group action
sing this method, we have derived the

ptimal estimator with energy constraint

In several groups.

We have shown that entanglement of
Input and output cannot iImprove under
energy constraint.

We have applied it to uncertainty relation.
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